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Abstract. The quantum dynamics of a parametric interaction of the electromagnetic field
with a nonlinear medium is considered. The three nonlinear coupled Heisenberg equations
of motion are solved under the short-time approximation. The characteristic function for the
normal ordering rule of association is evaluated. This function is then used to obtain the
time dependence of the density operator. Assuming that the initial state of the system is a
coherent state, explicit expressions for the diagonal coherent state representation of the
reduced density operators for the pump as well as for the signal mode are obtained. For the
pump mode, the initially coherent state remains coherent, whereas for the signal mode the
diagonal coherent state representation is found to be a gaussian distribution whose variance
is proportional to the average number of photons initially present in the pump mode.

1. Introduction

Oscillations of a system with time-varying parameters have been known for a long time
(Rayleigh 1883) and are commonly called parametric oscillations. These oscillations
have played a central role in several physical phenomena of interest which include
frequency conversion in nonlinear media, coherent Raman and Brillouin scattering,
spontaneous and stimulated emissions of radiation, super-radiance, etc. A simple
quantum-mechanical model for parametric oscillations was first suggested by Louisell
et al (1961). Based on this model a detailed study of the quantum statistics has been
carried out (Mollow and Glauber 1967, Graham and Haken 1968, Tucker and Walls
1969a, b) under the parametric approximation. This approximation consists of assuming
the pump mode to be quite intense so that the average number of photons in this mode
can be considered as constant. However, it is observed in this case that the average
number of photons in the signal as well as in the idler mode grows exponentially with
time. For this reason, the model is not very satisfactory. Recently Tucker and Walls
(1969a,b) have suggested a parametric interaction where the interaction hamiltonian
is trilinear and reduces under the parametric approximation to the bilinear hamiltonian
as suggested by Louisell et al (1961). The Heisenberg equations of motion obtained
using this hamiltonian are coupled nonlinear equations, and have not been solved
exactly. However, using the fact that the free and the interaction parts of the hamiltonian
commute with each other, Wallsand Barakat (1970) carried out simultaneous diagonaliza-
tion of the two parts numerically. They found that the number of photons in the signal
or the idler mode follows an almost periodic variation.

In the present investigation we solve the three nonlinear coupled equations of motion
under the short-time approximation. Under this approximation, we factor out the har-
monic time variation of the annihilation operator of each mode and expand the remaining
slowly-varying part in a Taylor series retaining terms only up to those quadratic in time.
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608 G P Agrawal and C L Mehta

The calculations are thus valid if the time for which the interaction among different
modes is on is sufficiently small. The solutions are then used to obtain the average and
the variance of the number of photons in different modes. The time evolution of the
reduced density operators for different modes is also considered. In particular we find
that if the initial state of the system is a coherent state, the reduced diagonal coherent
state representation of the signal mode is a gaussian distribution whereas the reduced
state of the pump mode remains coherent. The calculations have not been carried out
separately for the idler mode. This is because the hamiltonian is completely symmetric
in the signal and the idler modes, and therefore the results for the idler mode are obtained
by simply interchanging the idler and the signal mode parameters. We also find the
diagonal coherent state representation for the combined signal and the idler modes.
It is found that the two modes behave independently.

2. The trilinear model hamiltonian

We consider the model hamiltonian of Tucker and Walls (1969a,b). Assuming that there
are only three modes interacting with each other, we write the hamiltonian in the form+

A=HA,+H, (2.1)
where

H, = hlw,a'(t)at) + w,b1(0)b(t) + w 2T (1)e(1)] (2.2)
and

A, = rk{a'(t)b(t)e(t) + a(bi(2)et(n). 2.3)

The coupling constant k is taken to be real and the energy conserving condition
W, = W+, (2.4)

is assumed to hold. The three modes are labelled by the subscripts a, b and ¢. The

annihilation and creation operators 4, 4", b,btand ¢, 2! satisfy the commutation relations

(@87 =[bbN =1[¢2" =1, (2.5)
1=1[b¢] =[a.b" =[h, 2" = [a,¢") = 0. (2.6)

The hamiltonian (2.1) describes the parametric amplification if one identifies a, b and ¢
as the pump mode, the signal mode and the idler mode respectively. Various other
phenomena of physical interest can be described by the same model hamiltonian by
suitably identifying these modes. Thus, for example, if the signal and the idler mode
frequencies are identical (w, = w,) the hamiltonian describes second harmonic genera-
tion (Walls and Tindle 1972). If, on the other hand, we identify ‘a’ as the idler mode,
‘b’ as the signal mode and ‘c’ as the pump mode, the hamiltonian (2.1) will describe
frequency conversion (Tucker and Walls 1969a, b).

The hamiltonian describing processes such as spontaneous emission, stimulated
emission, super-radiance, etc, in which we study the problem of emission of radiation

+ For the sake of clarity, all operators are indicated by a circumflex.
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from a system of two-level atoms, could also be transformed in the form (2.1) by represent-
ing angular momentum operators in terms of boson operators (Schwinger 1965). The
two hamiltonians become formally identical by taking the pump mode as the state
corresponding to the upper atomic level, the signal mode as the state corresponding
to the lower atomic level and the idler mode corresponding to the emitted photon
(Bonifacio and Preparata 1970).

3. Equations of motion

We consider now the dynamics of the system described by the model hamiltonian (2.1);
namely

A = Hw,a'(t)a(t) + w,bT(0)b(1) + o & (6)a(t)) + hk[aT(0)B(1)e(t) + a@)b (1) (1)) (3.1)

The Heisenberg equation of motion for any operator G, which does not depend on time
explicitly, is given by

ih— =[G, A). (3.2)

Using equations (3.2) and (3.1), we obtain the following nonlinear coupled equations for
the annihilation operators 4(t), b(t) and &(t):

id%(tt_) = w,a(t)+kb(t)e(t), (3.3)
id_dbi—” = w,b(t) +ka()e (1), (3.4)
id(éi(tt) = w (1) + ka()b'(z). (3.5)

If we denote the number operators a'(t)(t), b1(t)b(t) and &'(1)é(t) by N (t), N(t)and N (1)
respectively, we may readily verify that

d .. )
GO+ R,0] = 0, (3.6)
d _
E[Na(tHNc(t)] =0, (3.7)
d . _
alMo-R=o. (38)

Thus we find that N,(t) + N ,(t), N(t)+ N (t)and N ,(t)— N (t) are constants of the motion.
These Manley-Rowe relations (Louisell 1960) are simultaneously satisfied if we require
that for every photon that is annihilated from mode A4, there is created one photon each
in mode Band C.
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Let us introduce the slowly-varying operators A(t), B(t) and C(t) defined by the rela-
tions

a(t) = A(t) exp(—iw,t), (3.9)
b(¢) = B(t) exp(—iw,t), (3.10)
&t) = C(t) expl(—iw,2). (3.11)

From equations (3.3)3.5) and (3.9}3.11), we find that the operators A(), B(t) and C(1)
satisfy the following equations:

dA(r) .
i = kB(t)C(r), (3.12)
i@ = kA()Cl(), (3.13)
dt
dé( H_
n kA()B'(2). (3.14)

As remarked earlier, equations (3.12)3.14) may be used to describe parametric as well
as other radiation processes by suitably identifying the various modes. In what follows,
we are considering the parametric amplification by identifying A as the pump mode, B
as the signal mode and C as the idler mode.

4. The short-time approximation

Let us assume that the time period for which the interaction is present is sufficiently
small, so that we may expand each of the annihilation operators A(t), B(t) and Ct)ina
Taylor series and retain terms only up to those quadratic in time. This is justified since
the rapid exponential time variation of the operators a(t), b(t) and &(t) is already factored
out in equations (3.9)«3.11). We therefore write

At) = Ay +tAy+ 1245, 4.1)
B(t) = B, +tB,+1t*B;, (4.2)
Cty = Cy+1tC\h+112Cy, (4.3)

where the subscript 0 indicates the values at the initial time ¢t = 0. Substituting these
equations in (3.12)—(3.14) and equating coefficients of the various powers of ¢, we obtain
the following relations:

A(t) = Ay—iktB,Coy— k212 Ay(B,B} + C3C,), (4.4)
B(t) = By—iktA,Cl+1k*t*By(A§ A, — CLCo), (4.5)
Ct) = C,—iktA By + 1k*t*C (AL A, — B3 B,). (4.6)

Relations (4.4)—(4.6) may be used to evaluate the time dependence of the average
number of photons in different modes. Since N (t) = a'(t)a(t) = A'(t)A(t), we find that

N0 = Nupo— k202N ,o(Nyo + Noo + 1)+ k202N o N o — ikt( A5 B, Co — 4B CY), (4.7)
Ryt) = Npo+ k22N 1 o(N o+ Noo + 1) = k212N o N o + ikt(A3B,Co — A, B CY), (4.8)
N(t) = No+k22N,o(Npo+ Noo+ 1) = k202N 0N o +ikt(A3B,C, — A,BYCY). (4.9)
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The Manley-Rowe relations (3.6)-(3.8) are of course obviously satisfied. Letn,,n,and n,
be the average number of photons present initially in different modes. The average
number of photons and the variance at any later time are then given by

A ) = (g, ny, n N (DIng, ny, 1>, (4.10)

(AR2Y = (n,, ny, nINADn,, ny, n> — 7,017 u=ab,c 4.11
We thus find on using (4.7)-(4.9) that

Aft) = n,—k*tn,(n,+n.+ 1)+ k**nyn,, (4.12)

fit) = n,+k2t2n,(ny+n.+ 1) —k*t*nyn,, (4.13)

Aft) = n 4k i n, +n.+ ) —k*t*nyn, (4.14)

and
(AnZy = <{An}> = (An})

= [2nnyn. +n(ny+n.+ 1)+ nyn Jk?t%. (4.15)

One may further verify that

{(An, Any = —{An, An,y = —{An,An,> = (An}). (4.16)
If initially there are no photons present in the idler mode (n, = 0), we find that

i (t) = n,—k*t*ny(n,+ 1), (4.17)

() = n,+k*t2n(n,+ 1), (4.18)

At = k*t*n,(n,+ 1) (4.19)
and

(AnEy = k*t*n(n,+1). (4.20)

It may be of some interest to note that the fluctuations in the number of photons in
either mode even when both n, and n_ are zero correspond to vacuum fluctuations and
are a purely quantum-mechanical effect.

5. Time variation of the density operator

In §§ 3 and 4, we used the Heisenberg picture and obtained the time variation of the
respective operators. In order to study the statistics of parametric processes, we use in
this section the Schrédinger picture and obtain the time evolution of the density opera-
tor. We shall in particular use the diagonal coherent state representation of the density
operator (Sudarshan 1963, Glauber 1963, Mehta 1967)

o) = [ a0l a7, G.1)

where |«> is the normalized eigenstate of the annihilation operator & with complex
eigenvalue «,

dlay = afo); (alat = a*{al (5.2)
and

d%a = dx dy, o= x + iy (x, y are real). (5.3)
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The phase space distribution function ¢(e, t) is the inverse Fourier transform of the
characteristic function for the normal ordering (Mehta and Sudarshan 1965, Glauber
1966) defined by the relation

1, t) = Tr[p(t) exp(na') exp( —n*a)]. (5.4)
For, from (5.1) and (5.4) one finds that

xn,t) = f P(a, t) exp(no* —n*a) d2a, (5.5)

and therefore

1
¢lo, t) = ;fx(m t) exp(n*o —nor*) d*n. (5.6)

We have written equations (5.1)+(5.6) assuming that only one mode of oscillation is
present. The formulation may readily be extended to a large number of modes. How-
ever, if we are interested in carrying out measurements only over a particular mode g,
we may then define the reduced density operator for that mode

pu=Tr,p (5.7)

where Tr, denotes trace over all modes except the mode x. In what follows, we obtain
the time evolution of the reduced density operators for the signal as well as for the pump
mode. Since the interaction is symmetric in the signal and the idler modes, the density
operator for the idler mode will behave in a manner identical with that for the signal
mode. For this reason we shall not consider the case of the idler mode separately.

6. Diagonal coherent state representation for the signal mode

The normally ordered characteristic function for the signal mode may be written, using
(5.4), in the form

21, £) = Tr[py(t) explnbh) exp(—n*bo)). (6.1)

To evaluate the expectation value on the right-hand side, we may use the Heisenberg
picture and rewrite {6.1) in the form

X6, 8) = Tt[po explnb’(t)) exp(—n*b(1))], (6.2)

where p, is the initial total density operator. Using equations (3.9)3.11) and (4.5), we
find that

b(t) = [by—iktaoe)+1k*t2by(ada, —ee,)]) e~ e (6.3)

We evaluate the characteristic function in the case when the initial state of the system
is a coherent state in all the three modes, ie, when

Po = |9, Bo» 70> (%> Bos Yol (6.4)

We substitute (6.3) and (6.4) in (6.2). The trace evaluation is simplified if we could
express the corresponding expression in a normally ordered form. If we retain terms
only up to first order in kt, we readily find that

2(n, 1) = exp(n(BE +iktadyo) €' exp[ —n*(BE — iktogyE) e '], (6.5)
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From (5.6), we therefore obtain the following expression for the reduced diagonal co-
herent state representation of the signal mode:

¢u(B. 1) = 6P(B—P(t) = S[Re(B— P(t)10[Im(B — B(t))], (6.6)
where
B(t) = (Bo—iktogyd) e~ 1% (6.7)

is the expectation value of 5(t) and 6>’ denotes the two-dimensional Dirac delta function
as indicatedt.

We thus find that, correct to the first order in kt, the reduced density operator at
time ¢ for the signal mode corresponds to the coherent state with eigenvalue B(r) given
by (6.7).

The reduced density operator correct to the second order in kt may also be evaluated.
For this purpose we expand exp(1b1(t)) exp( —n*b(t)) in powers of kt retaining terms only
up to k2t? and obtain

exp(nb' (1)) exp(—n*b(1))
= exp(nbf e'*) {1 +ikt(n er'ale,+n* e”rela,)
+4k212[n e rbY(a3a, — 25eo) — e T (addo — &1eo)bo
—n? e?lovigl2el — 2 e~ Zientp 12421 k212|p) 2418 08,80}
x exp(—n*b, e 7 ie), (6.8)

The right-hand side of (6 8) is already in the normally ordered form except for the last
term containing 4}¢,d,¢} which can be rewritten as 4}¢1d,¢, +aha,. We therefore obtain
after some simplification,

exp(nb’(t)) exp(— n*b(r))
= :exp{n[b} +iktale, + sk*t*bi(a} ao 2eo) el
—n*[bo—iktaoed + 5k*12bo(@dao — 2§2,)] e 71 — Ini*k*t2addo} - (6.9)

where the colons denote, as usual, that the expression in between is to be taken in a
normally ordered form, ie, all creation operators are to be put to the left of all annihila-
tion operators. We have expressed (6.9) in an exponential form in order to obtain a
simplified expression for the diagonal coherent state representation. However, it is
understood that the results are valid only up to the second order in kt. From equations
(6.2), (6.4) and (6.9), we therefore obtain

16(t) = exp(nB*(t) —n* B(e) — In*k>t?|ero|?) (6.10)
where B(t) is now given by
B(t) = [Bo—iktaoyd +3k*t> Bollool® — Iyol?)] € ™2, (6.11)

t If the solution (6.3) for b(t) is taken to the first order in kt then an expression for ¢,(f. t) may be obtained
without further approximation yielding

18— By

This may appear to be different from that given by (6.6). However, various averages such as moments, etc,
will be identical correct to the first order in kt, whether we use (6.6) or the above expression. In this respect
they are identical.
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The reduced diagonal coherent state representation obtained by using (5.6) is therefore
given byt

1
S4B, 1) = f expL™*(B — Bl1) — n(B* — BH(0) — In*k>e? ogl2] 021

n?
1 1B—B(e)*
=T exp( —ﬂ—a%—) (6.12)
where
o2(t) = k*t3|a)?. (6.13)

lo|? is the average number of photons initially present in the pump mode.

We thus find that correct to the second order in kt, the diagonal coherent state rep-
resentation for the signal mode is a complex gaussian distribution with mean B(t) and
variance ¢2(t). The variance is thus large (small) if the average number of photons
initially present in the pump mode is large (small). Large values of |o,|* correspond to
the case of the parametric approximation. The distribution (6.12) tends to (6.6) for
smaller values of kt, as it should.

Finally it may be noted that if the initial state is not a coherent state, but is given by

po = f bo(®0s Bos 0)l%os Bos Po) %o o, Yol A2 d*Bo d2yo (6.14)

then the reduced diagonal coherent state density operator for the signal mode at time ¢
will be given by

mmn=%f

1 _ 2
exp( - Liind U] )d’o(“o» Bo»70) dz% dzﬂo dz?o- (6.15)

a*(t) a¥(t)
7. Diagonal coherent state representation for the pump mode
Let us next consider the reduced density operator for the pump mode. The normally

ordered characteristic function for the pump mode may be written in the form (cf
equation (6.2))

%d& 1) = Tr[p exp(£a’(t)) exp(—E*a(r))], 7.1
where 4(t) is obtained from equations (3.10)+3.12) and (4.4),
a(t) = [ag—ikthoty—1k2t2a0(bbo + 252, + 1)) e "iwet. (7.2)

If we substitute (7.2) in the expression exp(¢a'(t)) exp(— &*d(t)), expand in powers of kt
and retain terms up to k?t?, we obtain, after some straightforward calculations and
rearrangement of terms, the following expression:

exp(¢a'(t)) exp(— &*a(t))
= rexp{¢e''[af +ikth§el — tk2t2al(blb, + the, + 1)]
—g*remioat[ g0 —ikthot, — k2 t2a(bbo + 2360+ 1)1} :. (7.3)

+ Had we used expression (6.8), ¢,(B,t) would have contained a Dirac delta function and its derivatives.
However, again, up to second order in k¢ we would obtain identical results for various averages (cf footnote on
p 613).
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We now substitute (7.3) and (6.4) in (7.1) and find that the normally ordered charac-
teristic function for the pump mode is given by

Xal&, 1) = exp(Ea*(r) — *&(1)) (7.4)
where a(t) is, as before, the expectation value of a(t)
(1) = (oo —iktBoyo — 3k22ato(|Bol* +170l* + 1)]e 1. (7.5)

The reduced density operator for the pump mode is therefore given by
duo 1) = 6P —&(1)). (7.6)

It is to be noted that even to the second order in kt, the reduced density operator for the
pump mode at time ¢, corresponds to the coherent state with eigenvalue &(t). Of course
if the initial state is not a coherent state (6.4), but is given by (6.14), the reduced diagonal
coherent state representation for the pump mode would be given by

(o, t) = J 8B — &) do(eto, Bo, yo) d2oto d*Bo dy,. (7.7)

In the above consideration we have obtained the reduced density operators for the
various modes. Itisalso possible to obtainthe time evolution of the total density operator
of the system in the diagonal coherent state representation. The mathematics involved
is, however, quite cumbersome. The reduced density operator for the combined signal
and idler can however be readily evaluated. Assuming again that the initial state of the
system is a coherent state log, 85, 70> <%, Bo> Yol, We find in this case that the charac-
teristic function for the normal ordering is given by

v, &, 1) = Tr[p exp(nb(r) +5e*<r))exp n*b(t) — £xe(1))]

= exp[nB*(1)+ &7*(1) —n* (1) A€ +m?] (7.8
where
B(t) = [Bo—iktagy§ +3kt* Bollotol® —Iyol*) e ™ ¥ (79)
W) = [vo —iktooBE + 3k t2yo(|ool *— Bl )] € 71! (7.10)
and
a(t) = k2t?|ay|2. (7.11)

Hence the reduced diagonal coherent state representation of the combined signal and
idler modes is given by

1 =B+ Iy =2
GuB.7.1) = —gexp 1P az(t)y 1oy (7.12)

It may be noted that ¢,.(8,y,t) = ¢,(B, )d [y, t) ie, that the two modes are uncoupled.
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